MI1121 GIAI TICH I

Phién ban: 2020.1.0

Muyc tiéu: Cung cép cho sinh vién nhimg klen thirc co ban vé Ung dung ciia phép tinh vi phan
vao hinh hoc, Tich phin phu thuge tham s6, Tich phén bdi hai va boi ba, Tich phén duong va
Tich phin mat, Ly thuyét truong. Trén co s& d6, sinh vién c6 the hoc tiép céc hoc phén sau vé
Toéan ciling nhu cdc mén hoc ky thuét khac, gop phin tao nén nén ting Toan hoc co ban cho k§
sir cic nganh cdng nghé va kinh té,

Objective: This course provides the basics knowledge about applications of differential
calculus, parametric dependent integrals, double integrals, triple integrals, line integrals,
surface integrals and vector fields. Students can understand the basics of computing technology
and continue to study further.

Ngi dung: Ung dung phép tinh vi phan vao hinh hoc, tich phan phu thugc tham s, tich phin
boi hai va boi ba, tich phin dudng loai mét va loai hai, tich phidn mat loai mdt va loai hai, ly
thuyét trudmg,

Contents: Applications of differential calculus, parametric dependent integrals, double
integrals, triple integrals, line integrals, surface integrals and vector fields.

1. THONG TIN CHUNG

Tén hoc phén: Giai tich II (Analysis II)

Pon vi phu trach: Vién Toan ng dung va Tin hoc
Mi s6 hoc phin: MI1121

Khéi legng: 3(2-2-0-6)

- Ly thuyét: 30 tiét
- Baitap/BTL: 30 tlet
- Thinghiém: 0 tiét

Hoc phin tién quyét: - MI1111 (Giai tich T)
Hoc phin hoc truéec: - MI1111 (Giai tich I)
Hoc phin song hanh: - MI1131 (Giai tich ITI)

2. MO TA HQC PHAN

Mbn hoc nay nhim cung cip cho sinh vién nhiing klen thitc co ban vé Ung dung cia phép tinh
vi phan vio hinh hoc, Tich phan phu thudc tham s6, Tich phan bi hai va bdi ba, Tich phan
duodng loai mot va loai hai, tich phan mét loai mét va loai hai, Iy thuyét trrong.

3. MUC TIEU VA CHUAN PAU RA CUA HQC PHAN
Sinh vién hoan thanh hoc phin ndy cé kha ning:

Muc 3 A A CxD - d“qc phi’:m
tituw/CPR Mo ta muc tidgu/Chuian dau ra cia hoc phan bo cho HP/ Mikc
do (I/T/U)
[ 2] 13]
M1 Nim ving dwge cac klen thitc co' béan ciia ciac phép tinh
tich phin ham s6 nhiéu bién s6 va img dung ciia phép
tinh vi phan




Muc . . CDR dwoc phin
titu/CBR M5 ta muc tiéu/Chudn dau ra ciia hoc phin bb cho HP/ Miic
dé (/T/U)
M1.1 | Nim vitng cdc khai niém co ban nhu: tich phéq bdi hai, | /T
bdi ba; tich phﬁ’n duong, tich phan mit, 1y thuyét truong
cling nhu mét s6 tng dung cua phép tinh vi phéan.
M1.2 | C6 kha ning vin dung kién thirc da hoc dé gii cdc bai tap | T/U
lién quan tdéi ndi dung mon hoc.
M2 Cé thai d9 1am viéc nghiém tiic ciing k¥ ning cin thiét
dé 1am viéc c6 hiéu qua
M2.1 | Cé k¥ nang: phan tich va giai quyét vin d& bang tu duy, | T/U
logic chit ché; lam viéc ddc lap, tdp trung.
M2.2 | Nhin dién mét s6 vin dé thuc té g() thé sir giung ¢cong cu | /'T/U
cua phép tinh vi phin, tich phan dé giai quyet.
M2.3 | Thai d6 1am viéc nghiém tic, chii dong sang tao, thich | /T
nghi véi mdi trudng lam viée ¢ tinh canh tranh cao.

4. TAILIEU HQC TAP

Gido trinh

[1] Nguyén Pinh Tri (chu bién), Trdn Viét Diing, Tran Xuan Hién, Nguyén Xuén Thio
(2015). Todn hoc cao cdp, tép 2: Gidi tich, NXBGD, Ha Néi.

[2] Nguyén Dinh Tri (chil bién), Trin Viét Diing, Trdn Xuan Hién, Nguyén Xuan Thio
(2017). Bai tdp Todn hoc cao cap, tdp 2: Giai tich, NXBGD, Ha Néi.

[3] Nguyén Dinh Tri, Ta Vin Dinh, Nguyén H5 Quynh (2000). Bdi tdp Todn hoc cao cdp
tdp 2, NXBGD, Ha Nai.

[4] Nguyén Pinh Tri, Ta Vin Dinh, Nguyén H Quynh (1999). Bai tdp Todn hoc cao cdp
tdp 3, NXBGD, Ha Nai.

Sach tham khao
[1] Tran Binh (2005). Giai tich Il va 1lI, NXBKH&KT.
[2] Trin Binh (2001). Bai tap giai san giai tich II, NXBKH&KT.

5. CACH PANH GIA HQC PHAN

e -
iy 3 Py Phuong phap danh gia A 4z CBR dwgc Ty
biém thanh phan cu thé Mo ta d4nh gid | trong
(1] [2] _ 13l [4] [5]
Al, Piém qui trinh (*) | Pdnh gid qui trinh 30%
Al.1. Baj tap trén 16p va | Ty lufn M1.1, M1.2,
bai t4p vé nha M2.1, M2.2,
e . M2.3
Al.2. Thi gitra ky Ty luén
A2, Diém cudi ky A2.1. Thi cudi ky Ty ludn MI1.1,M1.2, | 70%
M2.1, M2.2,
M2.3
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* Diém qud trinh sé duoc dteu chinh bang cdch cong thém diém chuyén can, diém tich cuc hoc
tdp. Biém chuyén cdn v diém tich cuc hoc 16p c6 gid tri tir —2 dén +2, theo qui dinh ciia Vién
Todn vmg dung va Tin hoc ciing Quy ché Pao tao dai hoc hé chinh quy cia Truong PH Bich

khoa Ha Noi.
6. KE HOACH GIANG DAY
cor | DO | gy
Tuén N¢i dung hoe da € | danh
hin | “BYVR | g4
p hoc
[1] [2] [3] [4] 5]
1| Chwong 1: Ung dung ciia phép tinh vi phan trong ML, G‘i_éng All
hinh hoc (3LT + 3BT) M1.2, | bai Al2
. . 5 M2.1, A2
1.1 Ung dung trong hinh hoc phing M2.2, .
- Vécto phép tuyén va phuong trinh tiép tuyén, phap tuyén | M2.3
ciia dudng cong tai mét diém
- D0 cong: d6 cong trung binh, d6 cong tai mét diém, cong
thire tinh d§ cong tai mot diém (khong chimg minh) va vi
du
- Hinh bao clia mét ho duong phu thufc tham sb: dinh
nghia, quy tac tinh (khéng chirng minh) va vi du
1.2 Ung dung trong hinh hoc khéng gian
- Ham vécto, dao ham ciia ham vécto (dang
7(t) = x(O)T + y(£)] + z()k va mét sb tinh chét :
2 | -DPudng: Phuong trinh tiép tuyén va phap dién ciia dudng ML1, BQ? B | ALl
cong tai mot didm, dd cong ctia dudng cong tai mét diém | M1.2, | trude tai | A7
(néu cong thic) M2.1, | ligy; A2.1
- Mit: Phuong trinh cda phap tuyén va tiép dién cia mit M2.3 G‘i_'c'mg
cong tai mot diém (néu cong thirc) bai
Chwong 2. Tich phéiin béi (SLT+ 8BT)
2.1 Tich phin kép
- Dinh nghia, y nghia hinh hoc, cac tinh chit
- Céch tinh tich phan kép trong hé toa d9 Decartes
3 |- Déi bién s6 trong tich phén kép: cong thire dbi bién Ml1.1, | Boc All
tong quat (toa do cong), doi bién trong hé toa dé circ. M1.2, | trwde tai | A1.2
M2.1, | liéu; A2l
M2.2, | Giang
M2.3 | bai;
4 | - Ung dung: Tinh thé tich vat thé, dién tich mién phing, | ML.1, | Boc [ ALl
dién tich mit cong (néu céng thirc va vi du) M1.2, | trude tal | A1
2.2 Tich phan bi ba Vo e a2
- Pinh nghia, ¥ nghia hinh hoc, céc tinh chit M2.3 S;ing
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cpr | Hoat | gy
Tuin N#i dung hoc dt_mg‘ danh
ph.?m di{):a | gid
(1] 2] [31 4 | 51

5 - Cach tinh tich phéin bdi ba trong hé toa d Decartes ML.1, DQ‘} N All
- Déi bién s6 trong tich phan bgi ba: cong thitc ddi bién | V2 | T0C 1| AL2
téng quat, d6i bién trong hé toa df tru, cau Sl e A21

M2.3 | Giang
bai;

6 | - Ung dung: Tinh thé tich vat thé ML.1, DQ‘” . All
Chwong 3. Tich phin phu thudc tham s6 (SLT+ 5 ﬁé% ggsc | Al2
BT) M2.2, G'i;n’lg A2l
3.1 Tich phan x4c dinh phy thudc tham sé M2.3 | bai;

- DPinh nghia
- Dinh Iy v sy lién tuc

7 | -Céc dinh Iy vé ldy tich phan dwsi déu tich phan, dao ham | ML.1, | Doc All
dudéi déu tich phan va vi dy M1.2, | trude tai | A2
3.2 Tich phan suy rong (TPSR) phu thudc tham s6 11&22 ;’ h?l,l; A2l
- Khii nigm TPSR phy thude tham s6 ' l()};ng
- Hdi tu déu, tiéu chuin Weierstrass ’

8 | - Céc tinh chét ctia tich phan suy rong phy thudc tham sé: | M1.1, | Doc ALl
lién tuc, 14y tich phan duéi ddu tich phan, dao ham dugi | ML.2, | trude tai | A12
déu tich phin (khong chitng minh) va vi du M2.1, | ligy; A2.1
3.3 Tich phén Euler M2.3 G‘i'émg
- Giéi thiéu ham Gamma (ky hiéu 1a I') va céc tinh chit: bai
['(p) xéc dinh, lién tuc va kha vi vd han
¥p > 0,T(p +1) = pT (@), T(PIF(1 —p) = 5~
0 < p < 1 (khéng chitng minh)

- Gidi thigu ham Beta (ky hiéu la B) va hai dang khac cua
him B, cac tinh chit (khéng chig minh): d6i x{ng,
g—1 I'(p)r(q)
B(p,q) = T {Ba-1).B(pq) = To+q)

9 | Kiém tra giita ky: Tir chwong 1 dén hét muc 3.2 cia Thi
chwrong 3

10 | Chwong 4. Tich phan dwong (SLT+ 6BT) ML, | Giang | ALl

. M1.2, | bai; A2.1
4.1 Tich phin dudng loai mot M2.1,
- Pinh nghia M2.2,
- Cach tinh M23
4.2 Tich phan duong loai hai
- Dinh nghia, y nghia vat ly
- Tinh chit




Hoat

CbR aon Bai

Tuin N¢i dung hoc 12 | d4nh
) day va e
phan hoc gia

1] 2] 3] [4] [51

1T | . Méi lién hé gitta tich phin dudong loai mét va loai hai MLI, Gi:émg All

. M1.2, | bai A2.1
- CaCh tlnh M2.1 :
- Céng thirc Green (chimg minh cho tong hop mién | p5 5
don lién) M2.3

12 | - piu kién dé tich phan dudmg khong phu thudc vao | M1.1, | Giang | AL
dudng ldy tich phan (khong chimg minh), 4p dung din | M1.2, bai A2.1
dén céng thie x4c dinh ham u(x,y) ma du = Pdx + | M2.1,

Qdy. M2.2,
Chuwong 5. Tich phian m3jt (4LT+ 4BT) M2.3
5.1 Tich phén mit loai mgt
- DBinh nghia
- Céach tinh
13| 5.2 Tich phén mit loai hai M1.1, | Boc N All
) Lo, B M1.2, | triebe tai | A2
- Pinh nghia, tinh chat M2.1, | liéu;
- Cong thirc lién he gifra tich phin mat loai mét va tich M2.2, | Giang
phén mit loai hai M2.3 | bai;
- Céch tinh

14 | . Cong thitc Ostrogradski, céng thiic Stokes (khéng MLL, | Boc | ALl
chitng minh) M1.2, trude tal | A2
Chuwong 6. Ly thuyét trwdmg (SLT+ 4BT) 2.1, he_‘:u,

M2.2, | Giang
6.1 Trudng voé hudng M2.3 | bai;
- Khai niém vé trrdng v6 hwdng, mit ding tri.
- Pao ham theo hudng: Pinh nghia, dinh 1y v& méi quan
hé gitta dao ham theo hudng va dao ham riéng (hudng
dan hoc sinh chitng minh dinh 1y)

15 | . Gradien: Dinh nghia vécto grad u va dinh 1y ML, Do‘f . ALl
5 . M1.2, | truGc tai | A2 1
3= chzgrad u (khéng chimg minh), cac tinh chat M2.1, | liéu;

(huong dén hoc sinh tir chimg minh) M2.2, | Giang
M2.3 | bai;

6.2 Trudng vécto

- Khdi niém truong vécto va dudng dong, hé phuong trinh
vi phén ciia ho dudng dong

- Théng luong, dive, trudmg dng: cong thic tinh théng
hugng cia mot trwong vécto di qua mat S, khdi niém
dive, cdc tinh chét (huéng din hoc sinh tr chiing minh),
khai niém trwdng bng, diém ngudn, diém 1o

Ve M e



Hoat

cia F, didu kién dé mét truong vecto 13 trudng thé
(khéng chimg minh), tir 46 din dén diéu kién dé biéu
thitc Pdx + Qdy + Rdz 1a vi phan toan phdn cia mot
ham U nao d6, didu kién dé tich phan duong loai hai
trong khéng gian khong phu thudc vao dudng di

- Tdng két va 6n tap

CBR dén Bai
Tuln Néi dung hoc P8 | ddnh
hén day va gia
P hoc
1] [2] [3] [4] [5]
16 | - Hoan lru vi vécto xody: khai niém hoan hwu cia mot | M1.1, | Poc | ALL
trudng vécto doc theo mdt dudng cong kin, vécto xody, ML.2, | trude tai | A2 1
diém xody, diém khong xody M21, | liéu;
- Trudng thé: cac khai niém vé& trudmg thé, ham thé vi M2.2, G‘_fmg
M2.3 | bai;

7. QUY PINH CUA HQC PHAN
(Céc quy dinh cta hoc phin néu c6)

8. NGAY PHE DUYET: 15.. / 1].21020

A

Vign Todn ing dung va Tin hoc

VIEN TRUGNG
VIEN TOAN UNG DUNG & TIN HOC

TS.% @ / %‘ﬁ@/
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Dai hoc Bach Khoa Ha Néi Vién Toan ng dung va Tin hoc

BAI TAP THAM KHAO GIAI TICH II
Nhoém nganh 1 Ma hoc phan: MI 1121

1) Kiém tra gitta ky hé sb 0.3, Ty lugn, 60 phit.
Noi dung: Tit chuong 1 dén hét bai tich phan suy rong phu thuoe
tham sb.

2) Thi cudi ky hé s6 0.7, Ty lugn, 90 phit.

Chuong 1

Ung dung citia phép tinh vi phan trong
hinh hoc

1.1 Ung dung trong hinh hoc phing

Bai 1. Viét phuong trinh tiép tuyén va phép tuyén véi dudng cong
a) y= e}=*" tai giao diém clia dudng cong véi dudng thing y = 1
b) {; _ ;z;:ioj((:;) tai diém A dng véi t = 1/2
c) z5 +y3 =5 tai didm M (8;1)

Bai 2. Tinh do cong tai diém bat ky cla

(a > 0).

) {:cza(t—sint) b) 28 +y3 =af (a>0)
y = afl - cost) c) 7 =ae",(a,b>0)

Bai 3. Tinh do cong cia dudng y = Inz tai diém c6 hoanh d6 z > 0. Khi nao do cong dat cuc
dai? Khi z — oo thi d cong s& nhu thé nao ?



Vién Toan dng dung va Tin hoc

Dai hoc Béach Khoa Ha Noi

Bai 4. Tim hinh bao clia ho cac dudng cong sau
a) y=24¢ b) cz? —3y—c+2=0
¢) y=c(z—c)? d) 4zsinc+ycosc=1

1.2 Ung dung trong hinh hoc khéng gian

Bai 5. Gi st 5(¢), ¢(t), a(t) 12 cic ham kha vi. Ching minh réng

a) () +4(1) = G2 + 4 b) #(a(t)i(t)) = a(t) 52 + /(D)
0) HEOI) =G + Ga) d) (0(t) x ate)) = pe) x G+ > qt)

Bai 6. Dudng cong C dugc bigu dién bdi ham vecto 7(t). Gia st r(t) la ham khé vi va 7(t)
luén vudng goc véi 7(t). Ching minh ring C nim trén mot mat cdu tam tai gbc toa do.

Bai 7. Viét phuong trinh tiép tuyén va phap dién cia dudng

z = asin®t

a) { y=bsintcost taidiém dngvéi t=17%, (a,b,c>0)
z = ccos?t
T = 4sint

b) ¢ y=4cost tai didm M(1;—2v/3;2)
z=2sint+1

Bai 8. Tinh do cong ciia cac dudng cong

T = cost
T

a) {y=sint taidiém dng véi t=3

z=1t

z =cost+tsint

b) { y =sint — tcost tai diém Gng véi t =7

z=t
c) Tiquh do cong tai didm M (1;0; —1) cta dudng la giao clia mit tru 472 + y? = 4 v mit
phing z — 3z = 4
Bai 9. Viét phuong trinh phép tuyén vA tiép dién clia mit cong
a) z? — 4y® + 222 = 6 tai diém (2;2;3) b) z = 2z% + 4y? tai diém (2;1;12)
¢) In(2z + y2) + 32° = 3 tai diém (0;—1;1) d) 2? + 2y° — yz = 0 tai diém (1;1;3)

Bai 10. Viét phuong trinh tiép tuyén va phap dién cla dudng

2 .2 _ .
a) 4TV =10 diém A 3;9)
Y+ 24=25

2 2,2 _
) {2”2” +3Z 2 =4 didm B(-2;1;6)
¢+ 2y ==z



Dai hoc Bach Khoa Ha Ngi Vién Toan tdng dung va Tin hoc

Chuong 2
Tich phan boi

2.1 Tich phan kép

Bai 11. Thay ddi thit tu 14y tich phan cla cic tich phan sau

1 - 1-g2® 1 14y/1-92 2 V2z
) Jdz [ J@vdy v fay [ fyds O [d [ flzy)dy
- —1—22 0 2oy 2z —x2
% 1442 V2 1 \/EZ_
) Jdy | flay)de o oyl fayde+ [dy [ F@u)ds
0 siny 0 0 V2 0

Bai 12. Tinh cac tich phan sau

a) ff1+mydxdy,D {(z,y) eR2:0<2<1;0<y <2}
f f 22(y — r)dzdy, véi D 13 mién gidi han bdi cdc dudng cong y = 2 vh x = y?
) [J 2zydzdy, v6i D gidi han bdi cac dudng z = yrz=-1ly=0vay=1
D
d) [f(z + y)dzdy, v6i D xac dinh béi 2 +3* < 1,7+ /¥ > 1
D
e) 7fo |z +yldzdy, D = {(z,y) €R?: || < Lily| < 1}

£) [ U=+ lyDdzdy
|z}+y[<1
1 1—-22 3y
) Jdz [ 35dy
0 0
Bai 13. Tim can 14y tich phan trong toa do cyc cla [[ f(z, y)dxdy, trong d6 D la mién x4c
D

dinh nhu sau
a) a? <2’ +y' <V b) 2?42 > 4z, 2’ + 17 < 8z,y > 7,y < V3
c) 2—2—I—}~’;§1 y > 0,(a,b>0) d) 2% +9% < 22,22 + 4% < 2y

Bai 14. Dung phép déi bién trong toa do cuc, hay tinh cac tich phan sau



Dai hoc Bach Khoa Ha Nai Vian Toan tng dung va Tin hoc

R VR2—z2
a) fdz [ Wn(l+z*+y%)dy, (R>0)
0 0

b) [ zydzdy, véi D la nita mit tron: (z ~2)>+3y> <1,y =0
D

¢) [[(siny + 3z)dzdy, v6i D la mit tron: (z —2)* +4y*> <1
D

d) [f |z + y|dzdy, véi D la mat tron: 22 +y* < 1
D

Bai 15. Chuyén tich phan sau theo hai bién u va v:

1 z —
a) [dz [ f(z,y)dy, néu dit {u Tty
0 —z

V=T —Y

b) ap dung tinh véi f(z,y) = (2—z —y)?
Bai 16. Tinh céc tich phan sau

2
a) ff \/lﬂJ_:—dxdy,trongdo’D 2+ <1
+z+
dmdy y<z?+y* <2
, 6 dé D :
O) JJ Gy yaye om0 {wﬁyéx/gw

20 < 22+ 4% <12
) [f xz—iy—?dxdy, trong 46 D : { 22 +y* > 2v/3y
P d z>0,y=>0

ff |922 — 4y?|dzdy, trong d6 D : 1

I/\

y_
4 Ty

I/\ I/\
I/\

e) [[(3z+ 2zy)dzdy, trong d6 D : {
D

2.2 Tich phan boi 3
Tinh céc tich phan bdi ba sau
0<z<1

Bai 17. [[[ zdzdydz, trong d6 mién V xac dinh béi: (z <y <2z
v 0<z</5—22—¢?

1<y<2
Bai 18. [[[(3zy? — 4zyz)dzdydz, trong d6 mién V xdc dinh béi: {0 < zy < 2
<z<2
0<x<1



Dai hoc Bach Khoa Ha Noi Vién Toan tng dung va Tin hoc

2+ +22<1

Bai 20. fvff(;ﬁ + y?)dzdydz, trong d6 mién V xéc dinh béi: {1:2 o220

Bai 21. [[[ z\/2? + y?dzdydz, trong d6
v

a) V 1a mién gi6i han bdi mit tru: 22 + y2 = 2z va cdc mit phdng: y = 0,z = 0,z = q,
(y 20,a>0)

b) V 1a nita clia hinh ciu 22 + 9% + 2% < a?,2 > 0, (a > 0)
c¢) V 1a mita ciia khéi elipsoid ’”2—:;@ + ;—; <1,2>0,(a,b>0)
Bai 22. [[[ ydzdydz, trong d6 V' la mién gidi han bdi mit nén: y = v/ 12 + 22 v mit phing
1

y=h,(h>0)

2
Bai 23. fvff%dmdydz, trong d6 V : f;+%:—+§—: <1 (a,b,c>0)

1<2?+9y2+22<4

s 2 51 -
Bai 24. fvff(x +y* + 2*)dzdydz, trong do6 V : {3:2 <2

Bai 25. [[[ \/z? + y2dzdydz, trong d6 V 1a mién gidi han bdi 2° + ¢ = 2%,z = -1
1%

dzxdydz
23+ (s - 2

2 +12 <1
2] <1

Bai 26. fff[ 2,trongdéV:{
v

Bai 27. [[f /22 + y? + 22dzdydz, trong d6 V 1& mién xéc dinh béi
1%

2+ +22<z2

2.3 Ung dung cua tich phan bai

Yy’ =2,y =2

2

Bai 28. Tinh dién tich cia mién D gidi han bdi cic dudng { )
P =y,x° =2y

y =0,y =4az

Bai 29. Tinh dién tich ctia mién D gi6i han bdi
z4+y=3ay<0,(a>0).

2 < 22+ 9% <4z
0<y<=z

Bai 30. Tinh dién tich ctia mién D xac dinh bdi {
Bai 31. Tinh dién tich ctia mién D xac dinh bdir > 1,r < % cos
Bai 32. Tinh dién tich cia mién D gi6i han béi cac dudng (a > 0)

a) (z%+y?)? = 2a’zy b) r = a(l + cos )

Bai 33. Ching minh ring dién tich ciia mién D x4c dinh béi 72 + (az — y)* < 4 khong ddi
Va e R
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z+y=>1
Bai 34. Tinh thé tich ctia mién xac dinh béi { z + 2y < 2
y>200<z2<2-z—-y

- " ” 2 ” ? s X L . rd - Z=4_I2—y2
Bai 35. Tinh thé tich ctia mién gidi han bdi cac mit ) 9
22=2+4+z°+y
Bai 36. Tinh thé tich clia mién xéc dinh béi |z —y|+ |z +3y| +|r+y+ 2 S L.

Bai 37. Tinh thé tich clia midn gidi han bdi cic mit z = 1+ 22 +y2, mit tru z% + d4y? =4 va
mit phing Oxy.

Bai 38. Tinh thé tich ciia mién gii han bdi cic mat: az = 2% + ¢,z = /22 + 2, (a > 0).

Bai 39. Tinh dién tich phn mit cdu z2+y%+2? = 4a® niim bén trong mit try z2+y%—-2ay = 0,
(a>0).
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Chuong 3

Tich phan phu thudc tham sbé

Bai 40. Xét tinh lién tuc cha ham s I(y

Y arctanx

Bai 41. Tim lim [ ——dz.
y—"]-(] xz +y

Bai 42. Khio sat sy lien tuc cha tich phan I(y) =

tuc trén doan [0, 1].

Bai 43. Cho ham sb f(y) =

Ot

Bai 44. Ching minh ring tich phin phu thuoc tham sb6 I(y) = f 112

y-z

CE2 + y2)2

1
of xyzf_l(_xy)2 dz véi f(z) 12 ham sb6 duong, lién

In (sin® z + y% cos? z)dz. Tinh f'(1).

+o0 t
arctan(z +9) o

ham sb lien tuc, kha vi dbi véi bién y. Tinh I'(y) i suy ra bidu thu’c cia I(y).

Bai 45. Tinh céc tich phan sau, (véi a,b, o, 8 1 céc sb duong, n la sb nguyén duong):

11?—3}'

a)f

00 p=OT _ e—ﬁm

b) [————dx

0 T

+oo  sin(bz) — sin(cz) p

C) f e~ =

0

Bai 46. Tinh céc tich phan sau:

a) [sin®zcos? zdz
0
+oo (In )t

b) f pe> dz
+oo

c) [ z¥e " dx

d) Ofl z%*(In z)"dx

oo dz

) @

3
f) [In(l+ysin®z)dz, véiy > -1
0

+o0 xn+l

f) { mdm,(2<n€N)



Dai hoc Bach Khoa Ha Noi Vién Toan ing dung va Tin hoc

1
o

0 1
g) [ e*V1—edx i) [ dr,(2 <n€N)
e 0

h) [2z*"Va? — z%dz, (a > 0,n € N)
0
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Chuong 4

Tich phan duong

4.1 Tich phan dudng loai 1
Tinh cac tich phan sau:

Bai 47. [(3z — y)ds, C 1a nita dudng tron y = /9 — z°
c

Bai 48. [(z —y)ds, C 1a dudng tron z° + y* = 2z
s

z = a(t — sint)

Bai 49. [4°ds, C 1a dudng c6 phuong trinh
gy * seop & {yza(l-—cost),(ﬂ§t§27r,a>0)

x = a(cost + tsint)

Bai 50. [ /2% + y%ds, C la dudng c
1 g Ty Hg cong {y:a(sint—tcost),(OStS27Taa>0)

4.2 Tich phan dudng loai 2

Tinh cac tich phén sau:
Bai 51. [ (2% — 2zy)dz + (2zy — y*)dy, trong d6 AB la cung Parabol y = z? tit A(1;1) dén
B(2;4) ”

z = a(t — sint)

Bai 52. [(2z —y)dz + zdy, trong d6 C 1a dudng cong { theo chidu ting clia
c

y = a(l — cost)

t, (0 <t<2ma>0)

Bai 53. [ 2(z?+y?)dz + z(4y + 3)dy, trong d6 ABCA la dudng gap khic di qua A(0;0),
B(1;1), 6(0:2)

Bai 54. [ ;fzzl—ifﬁ, trong d6 ABCDA 1a dudng ghp khic di qua A(L;0), B(0;1), C(-1;0),
D(O, —1)ABC’DA

Bai 55. Tinh tich phan sau

/(:vy+33+y)d:r+(:cy+x—y)dy
c

bing hai cach: tinh tryc tiép, tinh nhd cong thic Green di so sénh cac két qua, véi C la dudng:
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AP 24yt 2 ) 2+ =105
. 2 T 2 Y
Bai 56. f z*(y + Z)dy -y (z + Z)dx
z2+y2=2z

Bai 57. ‘7{ e*[(1 — cos y)dzx — (y — siny)dy], trong d6 OABO la dudng ghp khic qua O(0;0),

OABO
A(1;1), B(0;2)

Bai 58. j[ (zry +e“sinz + z + y)dz — (zy — e ¥ + z — siny)dy

z2+4y2=2x
3
Bai 59. f(my‘i + 2 + y cos(xy))dz + (—3— + 2y? — x + z cos(zy))dy, trong d6 C la dudng cong
c

T = acost
y = asint, (a > 0)
Bai 60. Diing tich phan dudng loai 2 tinh dién tich cfia mién gi6éi han bdi mot nhip cycloid :
z = a(t —sint),y = a(l — cost) va truc Ox, (a > 0).
(3;0)
Bai 61. / (z* + 42y®)dz + (6% — 5y*)dy
(-2;-1)
(2;27) 5
as Y Yy Yy Y
Bai 62. 1— *cos=)d =+ Zcos=)d
ai /( $2cos$)x+(smx+xcos$)y
(1;m)
Bai 63. Tinh tich phan dudng

)dy

.2 2
I 2,2 3
/(Bxy +4 5 1)dm+(3m y+y3 ]

L
trong d6 L 13 dudng cong vy = /1 — z* di tir A(1;0) dén B(-1;0).

Bai 64. Tim hing sb a dé tich phan sau khéng phu thudc vao dudng di trong mién xéc dinh

/ (1—y?)dz + (1 — z*)dy
(1+ zy)e ‘

AB

Bai 65. Tim hiing s6 a, b dé biéu thitc : (y* + azy + ysin(zy))dz + (2 + bry + zsin(zy))dy 1a
vi phan toan phin ctia mot ham sé u(z,y) ndo d6. Hay tim ham s6 u(z,y) dé.

Bai 66. Tim ham sb h(z) dé tich phan
/ R(z)[(1 + zy)dz + (zy + z°)dy]
AB

khong phu thudce vao dudng di trong mién xac dinh. Véi h(z) vita tim dugc, hay tinh tich phan
trén tit A(2;0) dén B(1;2).
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Bai 67. Tim ham sb h(zy) dé tich phan
[ Ml + )iz + (@ + 2
AB

khong phu thudc vao dudng di trong mién x4c dinh. Véi h(zy) vita tim duge, hay tinh tich
phan trén t A(1;1) dén B(2;3).
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Chuong 5

Tich phan mat

5.1 Tich phan mat loai I
Tinh céc tich phan mit loai 1 sau day

Bai 68. ff(z + 2z + )d.S’ trong d6

S {(.'L' y,Z) % —L-’L'ZO,yZO,ZZO}

L |

Bai 69. [[(z?+ y*)dS, trong d6 S = {(z,v,2) 1z =22 +9y%0< 2 < 1}
s

Bai 70. [[2dS, trong d6 S = {(z,9,2) :y=2+2,0<1<1,0<2<1}
S

ds

Bai Tl Jf G e sy s

5, trong d6 S'labién cha ttdienz+y+2<2,220,y 20,220

5.2 Tich phan mat loai 2

Tinh céc tich phan mat loai 2 sau day
Bai 72. [[ z(z* + y*)dzdy, trong d6 S 1a n¥a mit ciu: 22 + 32 + 22 =1, z > 0, hudng cta S
14 phia ngsoai mit ciu
Bai 73. [[ydzdz + z°dzdy, trong d6 S la phia ngoai clia mit ellipsoid z? + yzz +22 =1,
z2>0,y ZS 0,2>0

Bai 74. [[ 2%y?zdzdy, trong d6 S 1a mit trén cla na mit cdu 22 +¢y? + 22 = R%, 2 <0
s

Bai 75. [[(y + z)dzdy, trong d6 S 1a phia trén clia mit z =4 —42% —y? v6i 2 > 0
5

Bai 76. [[ z*dydz + y*dzdz + 23dzdy, trong d6 S 1a phia ngoai cla mit cau
s
e+ y*+ 22 =R?
2+t <1,0< <2+

Bai 77. £ [ y2zdzdy+zzdydz+a?ydzdz, trong d6 S 1a phia ngoai clia mién { £>0y>0
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(z—1)% > 2%+ ¢*

Bai 78. [[ zdydz + ydzdz + zdzdy, trong d6 S 1a phia ngoai ctia mién {
s a<z<1

Bai 79. Ding cong thiic Stoke tinh tich phan dudng [(z + y?)dx + (y + 22)dy + (2 + 2%)dz,
c

trong d6 C' la bién ciia tam gidc véi cac dinh (1;0;0), (0; 1;0), (0; 0; 1), huéng ngudc chigu kim
dong hd khi nhin tir trén xubng,

N x N "y ;
Bai 80. Goi S 1a phan m#t cAu 2%+ + 22 = 1 ndm trong mit tru { -0 huéng
y=u

clia S 13 phia ngoai clia mit ciu.
Chitng minh ring: [[(z — y)dzdy + (y — 2)dydz + (z — z)dzdz = 0.
S
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Chuong 6

Ly thuyét trudng

Bai 81. Tinh dao ham theo hudng £ clia ham u = 23 + 2y + 322 + 2zyz tai diém A(2;1;1) véi
0= AB, B(3;2;3).

Bai 82. Tinh médun cla graau, Vi u =2+ y3 + 23 — 32yz tai A(2;1;1). Khi no thi gradu
vudng géc véi Oz, khi ndo thi graau =07

Bai 83. Tinh graau, véi
1
u=r24+>+Inr trong d6 r = /22 + y2 + 22
r

Bai 84. Theo huéng nao thi sy bién thién ciia ham sé
U=1xsinz—ycosz
tir géc O(0,0, 0) 13 16n nh4t?
Bai 85. Tinh goc gitta hai vector gTang cla cac ham sé
Y
z=z—3y+ \/53;
tai (3;4).
Bai 86. Trong cac trudng sau day, trudng nao la truong thé? Tim ham thé vi (néu cb).
a) F =522 - dzy)i + (322 - 29)j + k
b) F = (yz — 3z%)i + z2] + (zy + 2)k
Q) F=(z+y)i+(z+2)]+ (2 +y)k
d) F=C w;-i—y]—"-l- 2k
\/(:1:2 + 92 + 22)3

e) F = (arctanz + dzyz)i + (2022 — 3y?)j + (5 + 222k

,C # 0 1a hing sb

Bai 87. Cho F = z2%+y2%] + 2¢%k. Tinh thong lugng clia F qua mit cdu S : 22 +y2+22 = 1,
huéng ra ngoai.

Bai 88. Cho FF = z(y+2z)i+y(z+x)j+ 2(z+y)k, Llagiao tuyén clia mit tru 22 + 42 +y =0
va nita mit cau 2 4 y? + 22 = 2,2 > 0. Ching minh ring luu s6 cia F doc theo I bing 0.

VIEX TRUONG
$erAN UNG DUNG & TIN HOC

';% Quang %%"?4‘



